Abstract. We prove that affine invariant manifolds in strata of flat surfaces are algebraic varieties. The result is deduced from a generalization of a theorem of Möller. Namely, we prove that the image of a certain twisted Abel-Jacobi map lands in the torsion of a factor of the Jacobians. This statement can be viewed as a splitting of certain mixed Hodge structures.
Introduction
Let (X,ω) be a Riemann surface with a holomorphic 1-form on it. The set of all such pairs forms an algebraic variety H(κ) called a stratum, where κ encodes the multiplicities of the zeros of ω. The stratum carries a natural action of the group SL 2 R which is of transcendental nature.
A stratum H(κ) has natural charts to complex affine spaces. The coordinates are the periods of ω on X, thus in C. After identifying C with R 2 , the action of SL 2 R is the standard one on each coordinate individually. In particular, the statum carries a natural Lebesgue-class measure which is invariant under SL 2 R. The finiteness of the measure was proved by Masur [Mas82] and Veech [Vee82] .
The action of SL 2 R and knowledge of invariant measures can be applied to study other dynamical systems. For interval exchange transformations this started in the work of Masur and Veech [Mas82, Vee82] . A starting point for applications to polygonal billiards was by Kerckhoff-Masur-Smillie in [KMS86] . Some recent applications involve a detailed analysis of the wind-tree model by Hubert-Lelièvre-Troubetzkoy [HLT11] . For a comprehensive introduction to the subject, see the survey of Zorich [Zor06] .
For more precise applications, especially to concrete examples, one needs to understand all possible invariant measures. For instance, polygonal billiards correspond to a set of Masur-Veech measure zero.
Recent results of Eskin and Mirzakhani [EM13] show that finite ergodic invariant measures are rigid and in particular are of Lebesgue class and supported on smooth manifolds. In further work with Mohammadi [EMM13] they show that many other analogies with the homogeneous setting and Ratner's theorems hold.
The SL 2 R-invariant measures give rise to affine invariant manifolds. These are complex manifolds which are given in local period coordinates by linear equations. It was shown by Wright [Wri12] that the linear equations can be taken with coefficients in a number field.
Note that finite SL 2 R-invariant measures are supported on real codimension 1 hypersurfaces inside affine manifolds, the issue arising from the action of scaling by R × . The affine invariant manifolds are then closed GL 2 R-invariant sets. In fact, by [EMM13] the closure of any GL 2 R-orbit is an affine manifold.
Period coordinates are transcendental and so apriori affine manifolds, which are given by linear equations, are only complex-analytic submanifolds. In this paper, we prove the following result (see Theorem 5.4). The lowest-dimensional affine manifolds are Teichmüller curves. It was proved they are algebraic by Smillie and Weiss [SW04, Proposition 8]; a different sketch of proof (attributed to Smillie) is in [Vee95] . That they are defined over Q was proved by McMullen [McM09] . It was proved by Möller in [Möl06b] that they are defined over Q after embedding into a moduli space of abelian varieties.
Teichmüller curves and higher-dimensional SL 2 R-invariant loci also have interesting arithmetic properties. McMullen has related in [McM03] Teichmüller curves in genus 2 with real multiplication. He also gave further constructions using Prym loci [McM06] . In genus 2 algebraicity follows from a complete classification of invariant loci by McMullen [McM07] . In the stratum H(4) algebraicity is known by results of Aulicino, Nguyen and Wright [ANW13, NW13] .
Techniques from variations of Hodge structures were introduced by Möller, starting in [Möl06b] . In particular, he showed that Teichmüller curves always parametrize surfaces with Jacobians admitting real multiplication. He also showed that over a Teichmüller curve, the Mordell-Weil group is finite [Möl06a] .
We prove a similar kind of result. The precise statement and definitions are in subsection 5.1 and Theorem 5.2. Theorem 1.3. Suppose M is an affine invariant manifold. Then for a certain local system of purely relative homology classes Λ over M we have a twisted cycle map (built from the usual Abel-Jacobi map)
Its image always lies in the torsion subgroup of the abelian varieties. Remark 1.4.
(i) The range of ν consists of factors of the Jacobians of the underlying family of Riemann surfaces. By [Fil13, Theorem 7 .3] these factors admit real multiplication by a totally real number field.
(ii) The local system Λ is defined using the intersection of the tangent space of M with the purely relative cohomology classes, denoted W 0 T M. Then Λ is a certain lattice in the annihilator of W 0 T M. In the case of Teichmüller curves (or when W 0 T M is empty) Λ coincides with all the relative cycles and ν is the usual Abel-Jacobi map.
Outline of the paper. Section 2 proves in a special case that affine invariant manifolds are algebraic. This uses results from [Fil13] . Section 3 contains basic definitions and constructions about mixed Hodge structures. We only describe the small part of the theory that is necessary for our arguments. The proofs in later sections use this formalism, and we also include some concrete examples throughout. One does not need to be acquainted with the full theory to follow the arguments.
Section 4 contains the main technical part. It proves that certain sequences of mixed Hodge structures are split, i.e. as simple as possible. This uses the negative curvature properties of Hodge bundles.
Section 5 combines the previous results to deduce the Torsion Theorem 5.2. This is then used to prove the Algebraicity Theorem 5.4. Self-intersections, orbifolds. The work of Eskin-Mirzakhani [EM13] shows that affine manifolds are only immersed in a stratum, i.e. locally there could be finitely many self-intersections. In particular, one can stratify them according to the type of local branching.
The arguments in Section 2 and Section 5 about algebraicity hold locally on the stratum. They apply at points where the affine manifold has a single branch, and then extend along the stratification.
All the arguments are made in some finite cover of a stratum, to avoid orbifold issues. In particular, period coordinates are well-defined. The results are invariant under passing to finite covers. Acknowledgments. I would like to thank my advisor Alex Eskin, who was very helpful and supportive at various stages of this work, and in particular about the paper [Fil13] whose methods are used here. I have also benefited a lot from conversations with Madhav Nori, especially on the topic of mixed Hodge structures.
I also had several conversations on the topic of algebraicity with Alex Eskin and Alex Wright. In particular, Alex Wright explained his (unpublished) result that the torsion and real-multiplication theorems of Möller characterize Teichmüller curves and suggested that finding and proving some generalization of the torsion theorem could imply algebraicity. I have also discussed and received very useful feedback on an earlier draft of this paper from both Alex Eskin and Alex Wright. I am very grateful for their feedback and the numerous insights they shared with me.
I am also grateful to Curtis McMullen for suggesting Corollary 1.2.
Algebraicity in a particular situation
In this section, we prove a special case of algebraicity. It only requires results of [Fil13] . In this special case the location of the tangent space to an affine manifold can be described precisely.
Setup. Consider an affine invariant manifold M in some stratum H(κ). We omit κ from the notation, and refer to the stratum as H. Let T H be the tangent bundle of the stratum, and let W 0 ⊂ T H be the subbundle corresponding to the purely relative cohomology classes. The survey of Zorich [Zor06, Section 3] provides a clear and detailed exposition of these objects.
The purpose of this section is to prove the following result.
Proposition 2.1. Suppose that everywhere on M we have W 0 ⊂ T M, where T M denotes the tangent bundle of M. Then M is a quasi-projective algebraic subvariety of H.
Proof. Some preliminaries. Focus on a small neighborhood in H of some (X 0 ,ω 0 ) ∈ M, denoted N ǫ (X 0 ,ω 0 ). Introduce the identification coming from parallel transport (i.e. the Gauss-Manin connection) on relative cohomology
This is defined for all (X,ω) ∈ N ǫ (X 0 ,ω 0 ) and (ω) red denotes the zeroes of ω, forgetting the multiplicities (i.e. the reduced divisor).
Recall that for (X,ω) we have the natural element ω ∈ H 1 (X,(ω) red ;C) viewing ω as a relative cohomology class. Call this the tautological section ω : H → T H.
Period coordinates are then described by the tautological section:
Recall that we have a short exact sequence of vector bundles over H
Here H 1 is the bundle of absolute first cohomology of the underlying family of Riemann surfaces, and W 0 is the purely relative part as before. It is proved by Wright in [Wri12, Theorem 1.5] that over M we have a decomposition of local systems
The summation is over embeddings ι of a number field k in C, and there is a distinguished real embedding ι 0 . We then have p(T M) = H 1 ι 0 . In period coordinates in the neighborhood N ǫ (X 0 ,ω 0 ) this translates to the statement
This inclusion follows because T M contains all the purely relative cohomology classes. Locally, M coincides with some open subset of the middle space above.
An equivalent way to state the above local description of M is to say
Note the local system H 1 ι 0 cannot be globally defined on H. However, in the neighborhood N ǫ one can still define it using the Gauss-Manin connection. Checking algebraicity. We also know by [Fil13, Thm. 1.6, Thm. 7.3] that each H 1 ι carries a Hodge structure. Moreover, for each a ∈ k we have the operator
which acts by the corresponding scalar on each factor of the decomposition (2.2). These operators give real multiplication on the Jacobians, with ω as an eigenform. Define N ′ to be the locus in H of (X,ω) which admit real multiplication as above with ω an eigenform. This is a finite union of algebraic subvarieties of H. The finiteness follows because we're fixing the type of real multiplication. The discussion above gives that M ⊆ N ′ .
In the neighborhood N ǫ of (X 0 ,ω 0 ) let N be one of the irreducible components of N ′ which contains M. We will check this component is unique, and coincides with M.
Recall the defining conditions of N ′ in N ǫ :
The local systems H 1 ι are defined on N , but are extended to N ǫ using the flat connection. They serve as "eigen-systems" for the action of ρ(a), which itself is defined in N ǫ using the flat connection. We then have the containment
However, we also have the (local) equality which follows from the identifications via parallel transport
} Looking back at the local definition of M given by the inclusions (2.3), we see that this locus is exactly M. So we found that locally near (X 0 ,ω 0 ) we have
M ⊆ N ⊆ M
This finishes the proof that M is an algebraic subvariety of H.
Remark 2.2. In local period coordinates, requiring the section ω : H → T H to be in some local system is the same as restricting to a (local) affine manifold. Algebraicity in the above theorem followed because we could identify the tangent space to M with p −1 (H 1 ι 0 ). In general, we need to know the precise location of the tangent space in relative cohomology. The next few sections deal with this question.
Mixed Hodge structures and their splittings
This section contains background on mixed Hodge structures and their properties. The monograph of Peters and Steenbrink [PS08] provides a thorough treatment. We include examples relevant to our situation. The full machinery, as developed e.g. by Carlson in [Car80] , is not strictly necessary. However, using this language streamlines some of the arguments. Throughout this section, we fix a ring k such that Z ⊆ k ⊆ R. Most often, k will be a field.
3.1. Definitions. First recall some standard definitions.
Definition 3.1. A k-Hodge structure of weight w is a k-module V k and the data of a decreasing filtration by complex subspaces
The filtration is called the Hodge filtration and is required to satisfy
and a decreasing filtration F • on V C such that F • induces a k-Hodge structure of weight n on gr
Remark 3.3. We can take duals of (mixed) Hodge structures and overall, they form an abelian category. Negative indexing in the filtration is allowed. See [PS08, Section 3.1] for more background.
For future use, we recall the definition of the dual Hodge structure. To describe the Hodge and weight filtrations on the dual of V , denoted V ∨ , let
Remark 3.4. In the definition of mixed Hodge structures, the weight filtration was defined only after allowing Q-coefficients. However, if it came from a Z-module, the position of the lattice will be relevant.
Example 3.5. Let C be a compact Riemann surface and S ⊂ C a finite set of points. On the relative cohomology group H 1 (C,S) we have a natural mixed Hodge structure with weights 0 and 1. This is the same as the compactly supported cohomology of the punctured surface C \S.
We have the exact sequence
The sequence is valid with any coefficients, so we consider it over Z. We have the canonical identification W 0 = H 0 (S) which is the reduced cohomology of the set S.
Here is the mixed Hodge structure on H 1 (C,S). The weight filtration has W 0 defined by the exact sequence, and W 1 is the entire space. The holomorphic 1-forms on the Riemann surface C give also relative cohomology classes, so form a subspace
This subspace maps isomorphically onto the holomorphic 1-forms on H 1 C (C). This describes the mixed Hodge structure, and according to Carlson [Car80, Theorem A] it recovers the punctured curve in many cases. The dual picture. We shall often work with duals, because the constructions are more natural. Dualizing the above sequence we find
On the spaceȞ 1 (C, S) we have a mixed Hodge structure of weights −1 and 0 (see Equation 3 .1).
The space W −1 is the image ofȞ 1 (C) which is pure of weight −1. The space W 0 is everything. The Hodge filtration has F 0Ȟ 1 (C,S) equal to the annihilator of F 1 H 1 (C,S). In particular it contains the image of F 0Ȟ 1 (C), which is the annihilator of F 1 H 1 (C). Moreover, we have the (natural) isomorphism over C
3.2. Splittings. The concepts below were first analyzed by Carlson [Car80] , which provides more details. We work exclusively with mixed Hodge structures of weights {0,1} and their duals, with weights {−1,0}. They are viewed as extensions of pure Hodge structures of corresponding weights. Example 3.5 describes the mixed Hodge structures that occur in later sections.
is L-split if the sequence, after extending scalars to L, is isomorphic as a sequence of L-mixed Hodge structures to
The mixed Hodge structure in this sequence is the direct sum of the pure structures. The isomorphism is required to be defined over L, but it must map the weight and Hodge filtrations isomorphically.
Remark 3.7.
(i) The definition for splittings of duals is analogous. A mixed Hodge structure is L-split if and only if its dual is. (ii) Giving a splitting is the same as giving a map defined over L σ :
which is the identity when composed with projection back to H 1 . It is required to map F 1 H 1 isomorphically to F 1 E. (iii) Mixed Hodge structures as above are always R-split. In the dual picture, we have the sequence
Then F 0 E ∨ ∩F 0 E ∨ is a real subspace which maps isomorphically onto W ∨ 0 (R). Over R we can thus lift W ∨ 0 inside E ∨ using this subspace and this provides the splitting.
Example 3.8. Since it is more convenient to describe splittings of dual sequences, we work with them. Consider a pure weight −1 Hodge structureȞ 1 Z = a,b with filtration F 0Ȟ 1 = a+τ b , where Imτ > 0. Consider possible extensions of the form
Let W 0 be of Z-rank 1, generated by c. Lift it to some c 1 ∈ E Z . It gives a map
Note that the lift c 1 is ambiguous, up to addition of terms xa+yb with x,y ∈ Z. Here, we identify the generators ofȞ 1 with their image inside E. The extra data on E is a subspace F 0 E which contains F 0Ȟ 1 , is complex twodimensional, and maps surjectively onto W 0 . Pick a vector v ∈ F 0 E which maps to c. It must be of the form v = c 1 +λa+µb where λ,µ ∈ C. Note that the lift v is ambiguous, up to the addition of complex multiples of a+τ b (which generate F 0Ȟ 1 ∩ker(E → W 0 )). This provides a second lift
We can take the difference of σ Z and σ R . Because projecting σ Z −σ R back to W 0 is the zero map, their image must land inȞ 1 C . Taking into account also the ambiguity in the definition of σ Z , we get a canonical map
So we get a canonical element of the elliptic curve associated to the Hodge structurě H 1 . This element is zero if and only if the sequence is Z-split. Indeed, the vanishing of this element means we could choose the lift v above to be integral. The element is torsion in the elliptic curve if and only if the sequence is Q-split. It means we could choose v above with rational coefficients in a and b.
3.3. Extension classes and field changes. This section contains a discussion of algebraic facts needed later. The details of the constructions are available in [Car80] and [PS08, Chapter 3.5]. Jacobians and extensions. For a Z-Hodge structure H 1 of weight 1, its Jacobian is defined using the dual Hodge structureȞ 1 by
As in Example 3.8, extensions of H 1 by a weight 0 Hodge structure W 0
are classified by elements in Hom Z (W 0 (Z), Jac Z H 1 ). To be precise, it is the dual extensions that are classified by such elements. Let now K be a larger field Z ⊆ K ⊆ R and H 1 be a K-Hodge structure of weight 1. We can also define a Jacobian
It is an abelian group (even a K-vector space, usually of infinite dimension) with no structure of manifold. Extensions are still classified by elements of Hom K (W 0 (K), Jac K H 1 ), where the Jacobian is viewed as a K-vector space.
Morphisms. If H 1 has a Z-structure and we extend scalars to K, then we have a natural map of abelian groups
For example Jac Q H 1 = Jac Z H 1 / torsion and an extension class is torsion in the usual Jacobian if and only if the extension splits over Q.
More generally, suppose we have (after extending scalars to K) an inclusion of Hodge structures H 1 ι ֒→ H 1 . The dual map becomesȞ 1 ։Ȟ 1 ι and we have an induced surjection on Jacobians
From an extension class ξ ∈ Hom Z (W 0 (Z),Jac Z H 1 ) we get another one ξ ι ∈ Hom K (W 0 (K), Jac K H 1 ) by composing with the above map. This gives a corresponding extension of K-Hodge structures. Given a K-subspace S ⊆W 0 (K) we can restrict the extension class ξ ι to it and get another such extension. Note that a subspace ofW 0 (K) corresponds to a quotient of W 0 (K).
Splittings over Affine Invariant Manifolds
In this section we identify variations of mixed Hodge structure that naturally exist on affine invariant manifolds. The main result is that they split after an appropriate extension of scalars, in the sense of the previous section.
4.1. Setup. Consider an affine invariant manifold M inside a stratum of flat surfaces H. It was proved in [Fil13, Theorem 7 .3] that the variation of Hodge structure over M given by the first cohomology H 1 splits as
ι r−1 ⊕V Each term above gives a variation of Hodge structure. Moreover, the direct sum in the parenthesis comes from a Q-local system. Each summand H 1 ι corresponds to an embedding ι of a totally real number field k, and comes from a local system defined over that embedding. The embedding ι 0 is the distinguished embedding.
Recall the tangent space T H to the stratum is given, via period coordinates, by the relative cohomology of the underlying surfaces. Restrict the tangent bundle T H to M. It projects to H 1 and we can take the preimage of the summands coming from the totally real field. This yields an exact sequence of Q-local systems
Here W 0 is the local system of purely relative cohomology classes. It coincides with the (reduced) cohomology of the marked points (i.e. zeroes of the 1-form).
This provides a variation of Q-mixed Hodge structures in the following sense. Above each point in M we have an induced mixed Hodge structure. The Hodge filtrations F • give holomorphic subbundles of the corresponding local systems. Note that we do not (and cannot) put any apriori restrictions at infinity. The Griffiths transversality conditions are empty in this case.
Remark 4.1. When saying that a local systems is defined over a particular field, for example ι 0 (k) above, we mean the following. Fix a normal closure K containing all the embeddings of k, with Galois group over Q denoted G. All Q-local systems are assumed tensored with K, and being "defined over ι l (k)" means that the object is invariant by the subgroup G ι l ⊂ G stabilizing ι l (k).
The tangent space of the affine manifold. According to results of Wright [Wri12, Thm. 1.5] the tangent space T M to the affine submanifold gives a local subsystem T M ⊂ E, which is defined over k (rather, ι 0 (k)). It has the property that p(T M) = H 1 ι 0 . Define the kernel of the map p (see Equation 4.1) by
Define also T M ι l to be the Galois-conjugate of the local system T M corresponding to the embedding ι l . Analogously define
4.2. The splitting. We can now state the main theorem of this section. Note that in the case when W 0 is contained in T M (i.e. the setup of Section 2) the statement below holds trivially. 
It is an exact sequence of local systems defined over ι l (k), and each space carries compatible (mixed) Hodge structures.
Then this sequence is (pointwise) split over ι l (k) in the sense of Definition 3.6. The splitting is provided by the local system
The last statement means the surjection in the sequence (4.2) can be split by an
Moreover, this last map is also compatible with the underlying Hodge structures. Note that T M ι l /W 0 T M ι l embeds in the middle term of the exact sequence (4.2) and it is the ambient (mixed) Hodge structure that is considered.
Proof. The proof is in three steps. In Step 1 we dualize the sequence (4.2) and use the Galois-conjugate tangent space to produce a flat splitting of the local systems. We also find the R-splitting coming from the underlying Hodge structures. Their difference is a (holomorphic) section of a bundle with negative curvature.
In
Step 2, we show the section must have constant Hodge norm. In
Step 3 we use this to show that the section must come from a flat one, and thus must in fact be zero. This concludes the proof, since it shows that the R-splitting was in fact defined over ι l (k). The next three sections deal with each step.
Proof of
Step 1. Because in the exact sequence (4.2) we quotient out W 0 T Mι l we deduce the bundle T M ι l /W 0 T M ι l maps isomorphically onto H 1 ι l . Dualizing the sequence (4.2) we obtain
⊥ . By the remark above, it maps isomorphically onto (W 0 /W 0 T M ι l )
∨ . The inverse isomorphism defines a canonical flat map of ι l (k) local systems, which is a splitting of the left surjection in the exact sequence (4.3)
We now construct another splitting using the Hodge structures (see Remark 3.7 (iii)). Consider the F 0 piece of the middle term in the sequence (4.3). It maps surjec-
. This gives a canonical splitting
Note that because it really comes from an isomorphism of vector bundles, it is in fact holomorphic over the affine manifold. Note that both maps σ R and σ ι l are splittings. This means that composing either with the surjection onto the left term of the sequence (4.3) gives the identity. So their difference has image in the kernel of the surjection in (4.3):
Next, we assume that we are in some finite cover of the stratum where the local system W 0 is trivial; labeling the zeroes of the 1-form suffices. Then we can choose an element (same as a global section) of (W 0 /W 0 T M ι l ) ∨ C denoted by e. By taking its image under the above map, we obtain a global over M holomorphic section
Step 2. Given the holomorphic section ψ e produced in
Step 1, we now show it has constant Hodge norm. Notation. Denote the Hodge decomposition ofȞ 1 by
We keep the same notation for indices involving the embeddings ι l .
Note that H 0,−1 = F 0Ȟ 1 gives a holomorphic subbundle, being identified with the annihilator of H 1,0 = F 1 H 1 (which is the bundle of holomorphic 1-forms). Using the polarization of H 1 , we see thatȞ 1 is isomorphic to H 1 , up to a shift of weight by (1,1) .
The section ψ e produced above is a holomorphic section ofȞ −1,0 , endowed with the holomorphic structure when viewed as a quotientȞ −1,0 =Ȟ 1 /F 0Ȟ 1 . This bundle has negative curvature (see [Fil13, Corollary 3 .15], with a weight shift).
We want to apply Lemma 5.2 from [Fil13] to conclude the function log ψ e is constant. For this, we need to check the boundedness and sublinear growth assumptions. Note that this function is subharmonic by the calculation in [Fil13, Lemma 3.1] and the negative curvature of the bundle.
Checking assumptions. First, we examine how ψ e was defined. We have the exact sequence
We have the R-splitting coming from Hodge theory (see Remark 3.7 (iii))
This gives a direct sum decomposition
and an induced metric from each factor. At the level of the exact sequence (4.4) this is the same as using the harmonic representatives of absolute cohomology classes to obtain relative cohomology classes. These splittings give a norm on E and E ∨ , called by abuse of notation a Hodge norm. However, it is not well-behaved for the geodesic flow. Namely, relative periods can grow very fast near the boundary.
We need a metric − Hg ′ satisfying (i) The Kontsevich-Zorich cocycle on E and E ∨ is integrable for this norm. Moreover, we want the absolute bound for some universal constants A,C > 0
The projection E → H 1 is norm non-increasing and dually the embeddinǧ H 1 ֒→ E ∨ is norm non-decreasing (where H 1 andȞ 1 have the usual Hodge norms). A norm satisfying these properties is given by the modified Hodge norm on relative cohomology defined by Eskin, Mirzakhani and Mohammadi [EMM13, Lemma 7.5].
Consider now
The middle term carries the induced modified Hodge norm. Take now duals (and dual norms)
Corresponding to W 0 T M ι l in the first sequence, we have its annihilator
. The surjection in the dual sequence (4.5) gives an isomorphism
The section σ ι l from Step 1 is the inverse of this isomorphism.
Given
we have φ e defined as
This last bundle, equipped with the modified Hodge norm, gives rise to an integrable cocycle; we thus know the Oseledets theorem holds.
Just like in [Fil13, Lemma 5.1] φ e must be in the zero Lyapunov subspace, otherwise its norm would be unbounded on any set of positive measure. In particular, its modified Hodge norm grows subexponentially along a.e. Teichmüller geodesic.
Recall that we also have a splitting over R for the sequence (4.5). This comes from the decomposition
Here F 0 refers to the corresponding piece of the filtration of p −1 (H 1 ι l ) and the construction was explained in Remark 3.7 (iii). Equation 4.6 is a direct sum decomposition of R-vector bundles and σ R comes from inverting the R-isomorphism
This means that
is just theȞ 1 ι l (R)-component of φ e in the decomposition 4.6.
Remark 4.3. For purposes of comparing metrics, we are using the isomorphism of R-vector bundlesȞ
The section we are considering can be viewed as living in either. In the second one, it is also holomorphic for the natural holomorphic structure.
By the second assumption on the modified Hodge norm, we know φ e Hg ′ is at least the usual Hodge norm of itsȞ 1 ι l -component (which is ψ e ). This gives the desired subexponential growth for the Hodge norm ψ e Hg .
We must also verify that upon acting by an element g ∈ SL 2 R, the function has not increased by more than C g , for some absolute constant C. But this is given by [EMM13, Lemma 7.4] (see also Lemma 7.6 in loc. cit).
Step 3. We proved in Step 2 that log ψ e is constant, therefore ψ e is constant. We want to show it must be zero.
Because we know ψ e is constant, we have using [Fil13, Remark 3.3] that 0 = ∂∂ ψ e 2 = Ωψ e ,ψ e − ∇ Hg ψ e ,∇ Hg ψ
where Ω is the curvature ofȞ
, which is negative-definite. We conclude σ † ψ e = 0 and ∇ Hg ψ e = 0
Recall that σ :
is the second fundamental form ofȞ 1 ι l and the above identities hold in all direction on M, not just the SL 2 R direction. Also the curvature satisfies Ω = σσ † .
We can now define a section ofȞ 1 ι l by α := ψ e ⊕ ψ e . Then α is flat for the GaussManin connection (since ∇ GM = ∇ Hg +σ+σ † ). But the local system H 1 ι l is irreducible so it cannot have flat global sections over the affine manifold M.
We conclude that α = 0, so ψ e = 0 and thus σ ι l = σ R . This finishes the proof of Theorem 4.2.
Algebraicity and torsion
In this section, we prove the theorems stated in the introduction. First we combine the results of the previous section to find that a certain twisted version of the AbelJacobi map is torsion. Using this result, we then prove that affine invariant manifolds are algebraic.
5.1. Combining the splittings. Setup. In the setting of the previous section, over an affine manifold M we had an exact sequence of Z-mixed Hodge structures
We are assuming some fixed Z-structure on ⊕ ι H 1 ι . As was explained in subsection 3.3 this corresponds to a map
Thus for each element ofW 0 (Z) we get a section of the bundle of Jacobians. We are working with a factor of the actual Jacobian, but omit this from the wording.
By Theorem 4.2 we see that for each ι the variation of ι(k)-mixed Hodge structures
In the language of subsection 3.3 this means that pointwise on M the induced map of abelian groups (and ι(k)-vector spaces)
is in fact the zero map. Recall ξ ι is obtained from ξ by composing with the quotient map
and restricting the domain to (W 0 T M ι ) ⊥ (after extending scalars). Another description of ξ ι is as follows. Given c j ∈ ι(k) and r j ∈W 0 (Z) with
The next step will be to combine all the above statements, as ι ranges over all embeddings of k into R.
The twisted cycle map. Since ⊕ ι H 1 ι has real multiplication by k, we have an order O ⊆ k which acts by endomorphisms on the bundle of abelian varieties Jac Z (⊕ ι H 1 ι ). Inside (W 0 T M ι 0 ) ⊥ which is a local system over ι 0 (k), we can choose an O-lattice, i.e. the ι 0 (O)-submodule
After extending scalars to Q we have an isomorphism
Recall that for a ∈ k we denote by ρ(a) the corresponding endomorphism of the family of Jacobians and the map ξ was defined in Equation 5.1. For c j ∈ O and r j ∈W 0 (Z) we can then define a twisted cycle map
The following is the main theorem of this section. It is a generalization of Theorem 3.3 of Möller from [Möl06a] .
Theorem 5.2. The image of ν is torsion in the Jacobian.
Proof. The proof is in two steps. First, we show that the image of ν is zero after we apply the quotient map (where K is the normal closure of k)
To finish, we prove that it must have been torsion to begin with.
To combine the splittings given by Theorem 4.2 we need to extend scalars to the field K which contains all the ι(k). Consider the classifying map obtained from ξ
Given x = j c j r j ∈ Λ ι 0 the splittings from Theorem 4.2 say that for any g ∈ Gal(K/Q) we have
Recall that to get the splitting we had to apply the Galois action both on H 1 and on W 0 . Assuming gι 0 = ι l an explicit way to write the above vanishing is
Using the K-linearity of ξ K we find
Taking a direct sum over ι l we exactly find that ν(x) = 0 in Jac K (⊕ ι H 1 ι ). To see this, recall that the real multiplication action of k on the factor H 1 ι was by the embedding ι. To finish, we want to conclude ν(x) is torsion in the Z-Jacobian. We know that ν(x) defines a holomorphic section of the corresponding family of abelian varieties. We just proved its image lies in the (group-theoretic) kernel of the map
Viewing the bundle of Jacobians as a flat family of real tori (flat in the sense of the Gauss-Manin connection) we conclude that ν(x) is itself flat. For this, the continuity of ν would be sufficient.
However, the monodromy acts by parallel transport on a fixed fiber of this family of tori and ν(x) is invariant by this action. Since the underlying local system over Q is irreducible (the monodromy acts irreducibly) we conclude that ν(x) must be among the rational points.
This implies that ν(x) is a torsion section of the bundle of Jacobians.
Remark 5.3.
(i) The above situation can be described concretely in terms of periods of 1-forms. Let r j be integral purely relative homology classes (i.e. assignments of integers to the zeroes of ω which add up to 0). They can be lifted to actual relative cycles on the surface, denoted r ′ j (these are now actual curves that connect zeroes of ω). Let also {a i ,b i } g i=1 denote an integral basis of the first homology. Suppose j c j r j is an element of Λ ι 0 . The condition that its image is torsion under the twisted cycle map ν is equivalent to the following: There exist α i ,β i ∈ Q such that whenever ω l ∈ H 1 ι l is a holomorphic 1-form, we have
In the proof above, we also had the (weaker) claim that the image of the twisted cycle map lies in the kernel of the surjection (5.2). In the current interpretation, this means that we could have only chosen α i ,β i to be in K, rather than Q. (ii) The conclusion of Theorem 4.2 is slightly stronger than the assumption of the twisted cycle map landing in the above kernel. One would need to keep changing the field of definition of the α i and β j in the above to get a precise equivalence. However, the final conclusion of Theorem 5.2 is strictly stronger than Theorem 4.2.
5.2. Algebraicity in the general case.
Setup. We keep the notation from the previous section. M denotes an affine invariant manifold, T M ι 0 its tangent bundle and W 0 T M ι 0 its intersection with the purely relative subbundle. We have the decomposition of the Hodge bundle
Recall also that M lives in a stratum H and we have the tautological section
This section is algebraic and even defined over Q, but combined with the Gauss-Manin connection it gives the local flat coordinates on H.
Theorem 5.4. The affine invariant manifold M is a quasi-projective algebraic subvariety of H, defined over Q.
Proof. The proof is similar to that of Proposition 2.1. We first define an algebraic variety N ′′′ which has the same properties as M and contains it. Then we check that one of its irreducible components is contained in M and thus has to coincide with it. First, let N ′ ⊆ H be the locus where (X,ω) admits real multiplication of the same type as on M, with ω as an eigenform. On N ′ we also have the map ν described in Definition 5.1
By Theorem 5.2, over M the map lands in the torsion so there exists A ∈ N such that A·ν ≡ 0 everywhere on M. Let N ′′ ⊆ N ′ be the sublocus where the equation Aν = 0 holds on N ′ . This is again algebraic, defined over Q, and contains M.
Recall now that we are working in a finite cover where the local system W 0 is trivial and so W 0 T M ι 0 is globally defined. Over N ′′ the condition A·ν = 0 implies that the exact sequence of mixed Hodge structures splits (over ι 0 (k))
The splitting subbundle in p −1 (H 1 ι 0 )/W 0 T M ι 0 is unique and itself algebraic. Denote this bundle by T ′ . It also gives a local system and it is the candidate for the tangent space.
Recall we had the tautological section ω : H → T H and let N ′′′ ⊆ N ′′ be the locus where ω ∈ T ′ . This is an algebraic variety over Q by construction, and we claim M coincides with the irreducible component of N ′′′ containing it.
To see this, first note that T ′ = T M on M. However, locally near a point of M the condition ω ∈ T ′ is the same as being on M. Indeed, requiring ω to lie in some local subsystem is the same as requiring the flat surface to be in a linear subspace in local period coordinates (see Remark 2.2).
Finally, note that T ′ is a subquotient of T H, but the condition ω ∈ T ′ still makes sense. It is understood as ω belonging to the preimage of T ′ in T H. This completes the proof of algebraicity.
Remark 5.5. Let us explain how affine manifolds are distinguished among loci of real multiplication, since usually these are not SL 2 R-invariant.
Suppose given a subvariety N ′ ⊂ H parametrizing (X,ω) admitting real multiplication by k with ω an eigenform. Given a k-local system W 0 T ⊂ W 0 (thinking of it as W 0 T M ι 0 ), further require that the quotient mixed Hodge structure splits as in the above theorem. Let the splitting be given by a bundle (and also local system) denoted T . Finally, require that ω lies in T .
This provides us with a locus N ⊆ H. Note that the requirement ω ∈ T implies that the Zariski tangent bundle of N , denoted T N , is contained in T . The variety N will also be SL 2 R-invariant if and only if we have the equality T N = T .
As remarked in the proof of Theorem 5.4, we see that affine invariant manifolds are defined over Q. Note that we can also act by the Galois group of Q to obtain new loci. Because the section ω : H → T H was defined over Q, it will be invariant by Galois conjugation. Since the other conditions described above will persist under Galois conjugation, we deduce the following.
Corollary 5.6. The group Gal(Q) acts on the set of affine invariant manifolds.
Remark 5.7. The algebraicity result also applies to strata of quadratic differentials. Indeed, these embed via the double-covering construction to strata of holomorphic 1-forms. In particular, for Corollary 1.2, it suffices to restrict to Teichmüller disks coming from holomorphic 1-forms.
Over the moduli space of curves M g we have the Hodge bundle H g whose fibers are the holomorphic 1-forms. We can consider the projectivization of H g and therefore the proper projection PH g → M g . The stratum H(κ) is a subvariety of H g , and we can also quotient by the C × -action to obtain PH(κ) ⊆ PH g . Now a Teichmüller disk f : H → M g as in Corollary 1.2 lifts tof : H → PH(κ) ⊆ PH g . Combining Theorem 2.1 from [EMM13] and Theorem 5.4 we find that the (Zariski and usual) closure off (H) in H(κ) is an algebraic variety PM. We can further take its (Zariski and usual) closure inside PH g to find that it is also an algebraic variety PM ⊆ PH g . Note that the Zariski and usual closure of a quasi-projective set coincide. Now, the topological closure of f (H) will agree with the projection of the topological closure off (H) inside PH g , which we saw is PM. This follows from the properness of PH g → M g . Properness also ensures that the projection of an algebraic variety is still a variety, so Corollary 1.2 follows.
